In this paper, we give some estimations about the growth of logarithmic derivative of meromorphic and entire functions and their applications in the theory of differential equations. We give also some examples to explain the sharpness of our results.
Introduction and main results
Throughout this paper, we assume that the reader is familiar with the fundamental results and the standard notations of the Nevanlinna's value distribution theory ( [8] , [15] ). For any nonconstant meromorphic function f , we denote by S(r, f ) any quantity satisfying Similarly, the exponent of convergence of the sequence of distinct zeros of f (z) is defined by
where N r,
is the counting function of distinct zeros of f (z) in {z : |z| < r}.
The following result is very important in the theory of differential equations.
Theorem A ( [6] ). Let f be a transcendental meromorphic function with 
The main purpose of this paper is to give new estimations about the growth of logarithmic derivative. We also investigate the relationship between them, the hyper-order and the exponent of convergence. Theorem 1.1. Suppose that k 2 is an integer and let f be a meromorphic function. Then 
Furthermore, if f is entire function, then
On the other hand, the meromorphic function f (z) =
We see that
Corollary 1.3. Let f be a meromorphic function such that for any integer k 1, we have
and since ρ f f = ρ(f ) = 1, then we obtain that ρ f 
Corollary 1.4. Let f be an entire function and c be a nonzero constant. Then
Applications in differential equations
Theorem 2.1. Let k 1 be an integer and let f be a solution of the differential equation
where A j (j = 0, . . . , k − 1), F ≡ 0 are entire functions satisfying
Furthermore, if
is not constant (j 2 is an integer), then
Remark 2.1. In Theorem 2.1, we obtain the result due to S. A. Gao, Z. X. Chen and T. W. Chen [5] , but our simple proof is quite different.
Theorem 2.2. Let k 1 be an integer, and let f be a finite order meromorphic solution of the differential equation
where A j (j = 1, . . . , n) (n 2 is an integer) are meromorphic functions satisfying Hence, by Theorem 2.2, we have 
Some auxiliary lemmas
holds for all |z| outside a set E 5 of r of finite logarithmic measure. 
Proof of Theorem 1.1
First, we prove the inequality max ρ f
We have
By the same method, we can deduce that
Now we prove the equality. We divide the proof in three cases.
. By (4.1), we have
, then by (4.4) we obtain ρ f
, then by (4.4) we have
which is a contradiction. Hence
, then by (4.4) we obtain
which is a contradiction. Thus, by (i),(ii) and (iii) we deduce that 
Proof of Corollary 1.2
Since there exists an integer k 1 such that ρ f
then by Theorem 1.1, we have
where p is a polynomial and g is an entire function, and
By using the standard lemma of removing an exceptional set of finite linear measure [1] and Corollary 1.2, we obtain from (9.2) ρ f
